Coupling methods for continuum models with molecular models are developed. Two methods are studied here: an overlapping domain decomposition method, which has overlapping domain, and an edge-to-edge decomposition method, which has an interface between two models. These two methods enforce the compatibility on the overlapping domain or interface nodes/atoms by the Lagrange multiplier method or the augmented Lagrangian method.
INTRODUCTION
In the analysis of phenomena at the molecular level, it is often desirable to deal with much larger models than can conveniently be treated entirely with molecular mechanics. For example in studying fracture, a rather large subdomain around the crack needs to be modeled in order to obtain the correct compliance, or in the case of dynamics, the correct impedance, around the area modeled by molecular mechanics. This then entails coupling the molecular mechanics model with a continuum model. The coupling of subdomains is an area that has been extensively developed over the past two decades; the methods are called domain decomposition methods. The coupling of molecular models with continuum models is somewhat different, since the character of the models differs; this has come to be called heterogeneous domain decomposition.
Because molecular models are essential for phenomena such as rearrangement of bonds but are more expensive than continuum models, coupled methods are attractive. Molecular models [1] usually contain millions of atoms for a micro scale system so that they are also very expensive. The continuum/finite element approach [2] dramatically reduces the computational time but it does not have the capability to represent the details of bonds or atoms.
In this paper, methods for coupling continuum models with molecular models are developed for large deformations of nanosystems, with a focus on nanotubes. The methodology is based on domain decomposition, which is widely used for the numerical solution of partial differential equations, and was developed in the early 1 Walter P Murphy Professor of Mechanical Engineering 2 Post Doctorate, Mechanical Engineering eighties [3] [4] . Two approaches are considered here: domain decomposition with overlapping domains, recently often called handshake models in physics literature, e.g. see Abraham et al. [5] , and the edge-to-edge decomposition method. Domain decompositions were also applied to discretization methods such as finite difference or finite element methods, particularly for the parallel implementation of the finite element method [6] [7] and the coupling methods of BEM(boundary element method) with FEM [8] [9] . The outline of this paper is as follows. In section 2, the governing equations for the continuum model and molecular model are introduced briefly. In section 3 and 4, two coupling methods, an overlapping domain decomposition method and an edge-toedge decomposition method, are developed respectively. In section 5, four examples are given to examine the accuracy of these coupling methods followed by the conclusion.
GOVERNING EUQATIONS

continuum equations
The physical principles governing the continuum are the conservation of mass, momentum and energy. We consider a Lagrangian description under adiabatic conditions, so conservation of mass is an algebraic equation and conservation of energy is an ordinary differential equation (ODE) for the energy, see Belytschko, Liu and Moran [10] . We employ a so-called total Lagrangian description, so the linear momentum equations are
where 0 ρ is the initial density, is the nominal stress tensor, is the body force per unit mass and is the displacement and the superposed dots denote material time derivatives. These momentum equations are simply transformations of the more well known equations in terms of the Cauchy stress and current coordinates, so this choice does not limit the methods.
P b u
The weak form of the momentum conservation equation is
where is the reference configuration,
δ is the test function and i t is the prescribed boundary traction. By using an approximation
where are the shape functions and a similar expansion for ( )
, the following discrete equations are obtained: 
and Ω is the current domain, see Belytschko, Liu and Moran [10] for details. 
3. COUPLING METHOD I: OVERLAPPING DOMAIN DECOMPOSITION 3.1 coupling model In developing this coupling procedure for the continuum model with molecular model, we have several aims:
1. It should be able to treat large deformations and circumstances where atoms emerge from the coupling region. 2. The constraints between the atoms and continuum should be developed in a consistent manner from the overall potential. The resulting coupling method is similar to the "handshake" methods developed by Abraham et al. [5] . The main features are: 1. A Lagrange multiplier method and an augmented Lagrangian method is used to apply the constraints on the motion; 2. The Lagrange multiplier field in the intersection domain vanishes at the edge of the continuum domain so that interaction forces between the continuum and molecular mechanics model are smooth if an atom exits the overlapping domain. We denote the complete domain in the initial configuration by and its boundaries by ; consists of traction boundaries and the displacement boundaries . The domain is subdivided into the subdomains treated by continuum mechanics, , and that treated by molecular mechanics, ; the latter is the domain encompassed by the atoms of the model. The intersection of these two domains is denoted by in the initial configuration, 
The potential energy per unit volume of the continuum is denoted by w and the total potential energy of the continuum is given by
In expressing the total internal potential energy of the system we employ a scaling parameter α in the intersection subdomain. The parameter α is defined as where the scaling field β is defined as
The external potential is scaled similarly, so
is any external force applied to atom I . Note that the above linear combination gives the correct total external and internal potential of the model.
The two models are constrained on the overlapping region Ω by
i.e. the continuum displacements conform to the atomic displacements at the discrete positions of the atoms. A single constraint is applied, rather than imposing the constraint on each component of the displacement, since this single constraint suffices to enforce displacement continuity. We first show how the constraint is applied by the Lagrange multiplier method; we then add the modifications needed for the augmented Lagrangian method, which provides a better numerical method. In the Lagrange multiplier method, the problem can be posed as follows: find the stationary point of
is the vector of Lagrange multipliers for the constraint (13) for each of the atoms.
To develop the corresponding discrete equations, we use a finite element method in Ω and molecular mechanics in . The displacements in are then given in terms of shape functions by
The Lagrange multiplier field is also expressed in terms of shape functions denoted by Λ :
Generally, the shape functions for the Lagrange multiplier field will differ from that for the displacement, , and they must satisfy the LBB conditions. The We define the external nodal forces in the conventional way on the continuum nodes with the same scaling as the internal nodal forces (11) by
The external potential (12) 
where p is penalty parameter; if 0 = p , (19) is identical to (14).
discrete equations
The discrete equations are then obtained by inserting (15) and (16) 
For Newton methods, the increments in the internal nodal force are related the increments in the nodal displacement by Jacobian or stiffness matrices: or (23)
In the above and are tangent stiffness matrices given by
The Newton equations can then be written as The residuals in (25) can be expressed as:
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The other terms are: The edge-to-edge decomposition coupling method we developed is shown in Fig. 4 . As shown in Fig. 5 , three types of particles are defined. Besides the nodes of the continuum domain and the atoms of the molecular domain, virtual atoms are defined to model the bond angle-bending for bonds between the continuum domain and the molecular domain. The virtual atoms are connected with the molecular domain by virtual bonds.
The internal potential energy for the entire domain is given by:
where includes the bond angle-bending potential due to the bond angle change between the virtual bonds and adjacent bonds in the molecular domain; a virtual bond is shown in Fig. 6 . The motion of the virtual atom will depend on the nodes of element that contains this virtual atom. Therefore, we can express in terms of by:
It should be noted here that the stretching energy of virtual bond is already included into the potential of the continuum, W . Therefore, the only potential energy that the virtual bond, , contributes to the total potential is the bond angle-bending energy due to the angle change of this virtual bond with its adjacent bonds; this is included in W It is given by:
In this coupling method, the same constraints are used on the interface as (13). can also be given by linear finite element approximation as shown in Fig. 7 : The linearized model for this edge-to-edge decomposition coupling method can also be derived as was done for the overlapping domain decomposition coupling model. Fig. 9 . We can see that the edge-to-edge coupling method gives less error in the displacements than the overlapping coupling method if the same sizes of element are used. However, the overlapping coupling method has an advantage over the edgeto-edge coupling since virtual atoms or bonds are required. and width of 9.6302 is studied in this example. There are 4050 atoms in this graphite sheet with a crack in the center due to a 4-atom defect. In the overlapping domain decomposition coupling method, the molecular domain is in the middle of graphite sheet and two continuum domains are on the two sides of the molecular domain. It contains 210 elements and 1782 atoms, and is shown in Fig. 10(a) . The displacement is prescribed on the upper end of the graphite sheet and the lower end is fixed. The stress-strain curves are shown in Fig. 10(b) for complete molecular mechanics model and the overlapping coupling method. Strain is denoted by is the summation of the interatomic force of the atoms on the upper boundary, is the width of the graphite sheet and t is the thickness of the graphite sheet which is taken to be 0.34
. From Fig. 10(b) we can see that both computed stresses exhibit a sudden drop to zero at failure, so the fracture can be considered brittle. Both ends of the nanotube are rotated in opposite directions. Modified Morse potential is used; it is already described in (54). Overlapping domain decomposition coupling method is used to compare with a complete molecular mechanics model. Fig. 11 shows the deformed configuration when the bending angle is and Fig. 12 shows the comparison of potential energies. The small difference of potential between molecular mechanics and coupling method is due to the fact that the continuum model didn't catch the slight kinks which occur in the molecular mechanics model. For large nanotubes, the coupling method is in a good agreement with molecular mechanics. An example of the type of model we have used for fracture studies is shown in Fig. 13 . It consists of 2 nested nanotubes that interact by van der Waals forces. The molecular modeling is used only in a small subdomain of outside nanotube around a defect incorporated in the model. The outside nanotube is a [120,0] nanotube, its radius is 4. 6 and its length is 21.2 . The modified Morse potential nm nm [1] was used. The load was applied only to the outside tube. These two nanotube contain 46,200 atoms, so a complete molecular mechanics simulation would be very expensive. Fig. 14 shows the failure stresses for various defects as compared to the experiments of Yu et al. [11] ; results for smaller models have been reported by Belytschko et al. [12] and are almost identical. It is interesting to observe that the model with defects agrees much more closely with experiments than a perfect nanotube. [11] ) overlapping coupling method as compared to computation 6 . CONCLUSION Two kinds of coupling methods for continuum model and molecular model have been developed: the overlapping domain decomposition method and the edge-to-edge decomposition method. Both methods were shown to be quite accurate for moderate and large deformation problems. The linearized models were also given for these two coupling methods when they are applied in Newton methods. These coupling methods can be use to study the behaviors of large nanotubes especially for nanotube fracture. They also can be extended to the finite element method coupled with particle methods.
